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Abstract 
Double-layer composite cylindrical shell is a novel functional composite pipe, whose interface of two materials is 
metallurgical bonding. It has been widely applied in aviation, nuclear power and petrochemical fields etc. In this 
paper, the dynamic response characteristics of double-layer composite cylindrical shell under the impact of heat and 
fluid were studied. The differential equation of thermal - fluid - solid multi-field coupling was established. Moreover, 
the solving approach of differential equation with multi-field coupling loadings was given. Finally, an example was 
taken to test the feasibility of the approach and the effects of different physical parameters, including thermal impact, 
fluid velocity, radius and length of cylindrical shell, etc. Therefore, the dynamic response characteristics of double-
layer composite cylindrical shell with the variation of physical parameters were obtained, which can provide 
theoretical support for the reliability optimum design and safety assessment. 
© 2011 Published by Elsevier Ltd.  
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1. Introduction 
Since the conveying fluid is very important in industrial applications, the problems of vibration and 
stability of cylindrical shell have been studied for a long time [1, 2]. Luo [3] studied the nonlinear 
thermoelasticity coupled vibration of composite cylindrical shells. Zhang [4] studied the parametric of 
coupled vibration of cylindrical pipes with the wave propagation approach. Qian [5] studied the instability 
of simply supported pipes of conveying fluid under thermal loading. According to the previous research 
results, it has been well acknowledged that a cylindrical shell remains stable when the fluid velocity is less 
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than the critical fluid velocity, but the cylindrical shell will lose stability while the fluid velocity is higher 
than the critical value,. However, in most of previous studies, the problems of flow - solid coupling 
vibration of double-layer composite shell are rarely involved. So far, there are few studies about the 
thermal - fluid - solid multi-field coupling of composite shell. Double-layer composite cylindrical shell is 
a novel functional shell that its interface is with the degree of metallurgical bonding, whose materials can 
be selected according to technology needs. For its excellent performance, it has been widely applied in 
aviation, nuclear power and petrochemical fields etc [6, 7]. Especially in high temperature and corrosive 
environment requirement, the material properties of each layer are usually different because of those 
special environmental. Because a large thermal expansion stresses exist while subjected to high 
temperature, the thermal shock factors also need to be considered.  
The main goal of this paper is to establish the differential equation of thermal - fluid - solid coupled 
vibrations mathematical model and give the solving approach. Moreover, it is to obtain the dynamic 
response characteristics of double-layer composite cylindrical shell with the variation of physical 
parameters (fluid velocity, radius and length of cylindrical shell, etc.). It can provide theoretical support 
for the reliability optimum design and safety assessment of double-layer composite cylindrical shell. 
2. Thermal - fluid - solid coupled vibrations mathematical model 
Based on the assumption of thin shell theory, the thermal - fluid - solid coupled vibrations 
mathematical model was established. It’s assumed that the study object is a double-layer composite 
cylindrical shell in single span. The incompressible fluid, whose density is Lρ  and velocity is V , flows 
in the shell under the influence of pressure P . The cross-sectional area and length of shell are LA  and L
respectively, and the elastic modulus, Poisson ratio and thickness of inner and outer layers are aE and bE ,
aυ and bυ , ah and bh  respectively. The radius of reference surface is R . Cutting out a micro-element 
from the shell body, the decomposition of the deformation conditions are plotted as shown in Fig. 1,
where part (a) is the fluid micro-element and part (b) is the micro-element of shell. 
Fig. 1 The force situation of fluid micro-elements and shell micro-elements 
Because the transverse vibration and curvature of the shell constantly changes, the fluid is in the state 
of accelerated motion when it flows in the tilt shell. The bending angle is xw ∂∂ / , and angular velocity is 
xtw ∂∂∂ /2 ; when the velocity of fluid is V , its Coriolis acceleration is xtwV ∂∂∂ /2 2 , centrifugal 
acceleration is 222 / xwV ∂∂  and implicated acceleration is 22 / tw ∂∂ . The three components of 
acceleration along the transverse direction can be written in the form of wxvt 2)//( ∂∂+∂∂  by use of 
operator algebra. As a result, the inertia force of fluid micro-element can be expressed by [8].
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The shear force formed by fluid pressure gradient along the axial flow with the wall friction is contrast, 
for a constant flow rate, the axial equilibrium equation is written by 
0=+∂
∂ sq
x
PA nL                                                                                                                                     (3) 
where s is the circumference of inner wall. 
According to Fig. 1 (b), the axial balance equation of shell micro-element is established as 
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By integrating Eq. (3) and Eq. (4), the shell and fluid of micro-element of combination axial 
equilibrium equation can be written as 
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According to the small deformation theory of shell, the third term on left side of Eq. (5) is small 
amount of high order under small deformation, so it can be ignored. Through the integral, an algebraic 
equation of the axial equilibrium equation can be expressed as 
CtxTtxPA GL =− ),(),(                                                                                                                      (6) 
in which C  is integration constant. 
Eq. (6) shows that the difference values between fluid axial force and axial force of the shell cross-
section along the x-axis remains constant.  
If the shell is simply supported, the tension GT is zero in the Lx = position, and the fluid pressure is 
equal around pressure, so there are 0),( =tLP  and 0=C , then the Eq. (6) can be expressed as 
0=− GL TPA                                                                                                                                        (7) 
Because the double-layer composite shell is the "Metallurgy" combination of two different materials, 
while two layers bending deformation together, sliding does not occur between the layers. Moreover, the 
material properties, thickness, bending stiffness and torsional stiffness of inner and outer layers are 
different from each other, so the reference plane (middle plane) needs to be redefined as shown in Fig. 2.
According to reference [9], the reference plane can be obtained by Eq. (8). 
Fig. 2 Reference plane of reorientation of double-layer diagram 
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where aEE =1  is the elastic modulus of the layer a ; bEE =2  is the elastic modulus of the layer b .
The upper and lower limits values of two layers are substituted into Eq. (8), the distance from reference 
plane to under surface can be determined by 
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Assumed that 0=T  is the starting point of temperature ),,( tzxT , which means that the shell is stress-
free. For the thin shell structure, temperature can be considered as linear distribution along the thickness, 
so the temperature distribution is expressed by 
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The bending stiffness and torsional stiffness of shell are expressed by 
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where axσ and bxσ  are axial stress; aθσ and bθσ  are circumferential stress; axθτ and axθτ are shear stress. The 
components of the moment can be obtained from  
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The shear expressions are obtained from 
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The dynamic equilibrium equation of micro-element of shell can be established as 
2
2
02
2
t
wRq
x
wT
R
Q
x
Q
cC
x
∂
∂=−∂
∂+∂
∂+∂
∂
θ
θ                                                                                                (14) 
Mianbin Zheng et al. / Energy Procedia 16 (2012) 619 – 626 623 Mianbin Zheng, Guohua Chen / Energy Procedia 00 (2011) 000–000  
where the combined inertia constant bbaa hhR ρρ +=0 ; the reference plane tension of unit perimeter 
RTT GC π2/= ; the lateral dynamic load force of unit perimeter RFqc π2/= .
Substituting the Eq. (13a) and Eq. (13b) into Eq. (14), we obtain 
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Integrating the Eq. (2), Eq. (7) and Eq. (15), we find the following expression: 
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where Tw
2∇  is the thermal loading. It can be obtained through the heat transfer solution of time and 
space temperature distribution; the third term on the left side of Eq. (16) describes a force, which is to 
change the flow direction to keep the curvature the same as shell; the fourth describes another force, 
which is to turn the fluid unit. 
3. The solving approach of thermal - fluid - solid coupled vibrations equation  
In general, the Coriolis acceleration is small, so can assume that the fluid is only translational flow and 
ignore the rotation. Set )/(11 ba DDK += ; )](2/[2 baLL DDRVAK += πρ ;
)/()2/2( 03 baLL DDRRVAK ++= πρ . Eq. (16) is a partial differential equation of forced vibration of 
multi-loadings，which can be abbreviated as 
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In the presence of temperature loading, both ends of the shell can not be clamped, otherwise, it will 
cause large axial thermal stress. Here only consider the case of simply supported on both ends, and the 
boundary conditions are 
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and the initial conditions is 
0=t ： 0),()0,,( 0 == θθ xwxw                                                                                                        (19) 
Because the temperature distribution process in space and time can be obtained, which means that it is 
a heat conduction problem, it can be considered as a forced vibration problem. 
Assumed that the shell is heated as shown in Fig. 3; the temperature distribution function can be 
obtained by solving the thermal conduction. 
Fig. 3 Schematic diagram of double-layer composite shell while heated 
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R
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where aTaa q λ2/=Γ ; bTbb q λ2/=Γ , in which Taq and Tbq  are heat flux; aλ and bλ  are thermal 
conductivity; the initial state are 0)0,,(0 =θτ xa ， 0)0,,(0 =θτ xb .
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Using double trigonometric series, set deflection function as 
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Meanwhile, set double trigonometric series [10] 
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Substitute Eq. (20a) and Eq. (20b) into Eq. (21), and then substitute the results into Eq. (24), obtain 
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Substituting the Eq. (22), Eq. (23) and Eq. (25) into Eq. (17), we obtain the following expression: 
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The solution of differential equations is shown as follows 
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The deflection function can be obtained by 
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4. Example 
Assumed that a new type of double-layer composite cylindrical shell (the outer layer is copper and the 
inner layer is titanium) needs to be designed for technological process, and the shell is single-span and 
simply supported. Its length is L =3 m; inner radius is nR =0.3 m; fluid density is Lρ =1000 kg/m3;
velocity is V =5 m/s. The other material parameters of titanium and copper are: density aρ =4500 kg/m3
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and bρ =8960 kg/m3; thickness ah =0.002 m and bh =0.002 m; modulus aE =118010 MPa 
and bE =121000 MPa; Poisson's ratio aυ =0.33 and bυ =0.32; coefficient of expansion 51001.1 −×=aa
m/℃ and 51067.1 −×=ba  m/℃, respectively; Consider the low-order cases, and take 1== nm ; β =0.1;
aΓ =250℃; bΓ =300℃.
          
Fig. 4 Natural frequency and fluid velocity                                               Fig. 5 natural frequency and modulus 
Fig. 4 shows that when the fluid velocity is zero, the natural frequency is 24.27 rad / s; when the fluid 
velocity reaches the critical speed, namely 25.92 m / s, shell will be unstable. Fig. 5 shows the natural 
frequency of shell increases with the increase of material elastic modulus, which can also explain when 
the elastic modulus decreases with the increase of temperature, the natural frequency will also decrease.
          
Fig. 6 Natural frequency and shell thickness                                         Fig. 7 natural frequency and radius and span
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Fig. 8 Horizontal deflection dynamic response characteristics                            Fig. 9 Horizontal deflection and fluid velocity 
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Fig. 6 shows the natural frequency increases with the increase of inner and outer thickness. Fig. 7
shows the natural frequency decreases with the increase of shell span, but the rate of decrease is relatively 
genteel; the natural frequency decreases with the increase of shell radius, but the rate of decrease rapidly. 
Fig. 8 shows that the horizontal deflection dynamic response characteristics of composite shell subjects to 
the impact of thermal loading. It shows that the maximum deflection changes with time, and the amplitude 
decreases with the growth of time. Fig. 9 shows the relationship between horizontal deflection and fluid 
velocity is the axis x = 1 m site. It shows while subjected to thermal shock, the vibration of shell deviates 
from the equilibrium position. As time goes on, the shell gradually return to equilibrium vibration, and 
with the fluid velocity increasing, the bending displacement increases significantly. 
5. Conclusions 
In this paper, the differential equation of thermal - fluid - solid coupled was established based on the 
liquid - solid coupling theory and thermoelastic mechanics. Moreover, the solving approach was given. 
The example shows that the solution of model is feasible, and the natural frequency and dynamic response 
characteristics of double-layer composite cylindrical shells with the variation of physical parameters (fluid 
velocity, radius and length of cylindrical shell, etc.) were obtained, which can provide theoretical support 
for the reliability optimum design and safety assessment of double-layer composite cylindrical shell. 
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